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Abstract
The electron transmission probability in semiconductor heterostructures made of potential
barriers whose height, width and separation are modified to follow different Gaussian
functions are calculated using the transfer matrix theory. These structures then serve
as electron obstacles in thermoelectric devices in order to increase the output power and
efficiency. When computing and comparing these two measures of performance in each
case, it is found that barriers with Gaussian heights are most suitable for devices used at
room temperatures, while barriers with Gaussian widths and constant separation perform
best at cold temperatures. The impact of the number of barriers of the semiconductor
heterostructure and the variance of the Gaussian is studied for the two most promising
types of structures by calculating the maximum power and corresponding efficiency.
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Populärvetenskaplig sammanfattning
De senaste åren har mycket forskning fokuserat på termoelektriska system, tack vare deras
förmåga att snabbt och smidigt omvandla en temperaturskillnad till elektricitet, eller göra
det omvända, använda en elektrisk ström till antingen uppvärmning eller nedkylning.
År 1824 upptäckte fysikern Seebeck det som senare skulle få bära hans namn: när två
olika metaller som är anslutna till varandra utsätts för en temperaturskillnad, uppstår ett
elektriskt fält. Denna egenskap har senare använts för att alstra elektricitet men på grund
av låg effektivitet har de aldrig fått något större genombrott, till skillnad från klassiska
generatorer som används i de flesta kraftverk.
Dock har de många fördelar: de är små i storleken, tysta och utan rörliga delar, har en
mycket lång livslängd och behöver nästintill inget underhåll om de tillverkas på rätt sätt
vilket borde leda till flera spännande tillämpningar. Men hur kan deras effektivitet, som är
avgörande för storskalig brukning, höjas? För att påverka detta, måste vi förstå vad som
orsakar Seebeckeffekten. När en metall uppvärms får dess elektroner1 i genomsnitt mer
energi än vad de hade innan. Om metallen sedan placeras vid sidan av en kallare metall
kommer de varma elektronerna att göra sig av med sin överskottsenergi genom att flytta
till den kalla sidan där de samlas och bilda en negativ potential. Motsvarande spänning
över de två metallerna orsakar ett elektriskt fält som kallas för Seebeckeffekten. Det är
alltså de varma elektronerna som är grunden till den lokala elektriska strömmen. Ju fler
elektroner, desto högre blir det slutliga effekten. Men eftersom dessa varma elektroner bär
inte bara på laddning, utan även energi/värme, fås en värmeström utöver den elektriska
strömmen. Med andra ord värmer de upp den kalla metallen när de samlas där, vilket
leder till att temperaturen på den varma sidan måste höjas för att bibehålla en konstant
elektrisk ström. Detta minskar effektiviteten, som anger hur stor elektrisk ström man kan
få ut för en viss temperaturskillnad som man tillför anordningen.
För att få ut en så stor effekt som möjligt samtidigt som effektiviteten behåller en hög
nivå, borde endast elektroner som inte bär på alltför mycket värme få passera till den kalla
sidan. Detta kan realiseras genom att bygga en elektronhinder som sorterar elektroner
beroende på deras energi, och placera den mellan de två metallerna. Hindrets optimala
utformning är vad kandidatarbetaren har forskat kring. Enligt tidigare forskning vet
man att ett hinder som består av flera likadana barriärer efter varandra, istället för en
enda, låter elektroner gå igenom endast om de befinner sig i ett visst energiband vars
storlek kontrolleras genom barriärernas dimensioner. Sådana energiband är vad man
eftersträvar eftersom de underlättar att styra temperaturen och riktningen på strömmen
av elektroner. Men alla elektroner inom banden får inte passera, vilket leder till en mindre
ström än vad som är möjligt. Genom att låta barriärenas höjd, längd eller mellanrum
följa en Gaussiansk funktion2, istället för att de förblir konstanta, visas att strömmen,
och därmed effekten, ökar utan att effektiviteten minskar.
1en av materias grundstenar som bär på laddning och som utgör elektrisk ström
2dvs först gradvis öka och sedan minska
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Introduction
Thermoelectrics has been the object of considerable research for many years owing to
the fact that they can directly convert a temperature gradient into electricity, known as
the Seebeck effect, or inversely, transform a charge current into a heat current, which is
called the Peltier effect. Possible applications are recovery of waste heat in industry or
vehicles to generate electrical power and increase fuel economy, or in air-cooling systems
to eliminate harmful refrigerants [1, 2]. Their small size, the lack of noise and moving
parts, and the fact that they require no maintenance and are very reliable, make them
competitive compared to classical steam engines. The major problem is associated with
their relatively low efficiency. The main strategy for improving this rests on searching for
new semiconductor materials [3]. Other studies focusing on superlattice structures have
shown that these can act as electron energy filters, which can be tailored to match specific
demands. Gomez et al. [4] have studied electron transport across Gaussian superlattices
and found that electrons in a certain energy band can pass the superlattices and be
nearly unscattered. If inserted in thermoelectric devices, and designed in such way that
they meet their demands, these superlattices could increase the electric current and the
output power or the efficiency. The purpose of this thesis is to design such a Gaussian
superlattice that will be used in a device that implements the Seebeck effect.
First, let’s explain the mechanism behind the Seebeck effect. The Seebeck effect is a
consequence of the temperature dependence of the electron energy distribution. The
electron energies follow the Fermi-Dirac distribution f(E, T, µ),
F (E, T, µ) =
1
1 + e(E−µ)/kBT
(1.1)
where µ is the chemical potential. It is shown in Figure 1.1 for two different temperatures.
At low temperatures, the electrons occupy few energy states above the Fermi level, which
is the state that has a 50% probability to be occupied. At higher temperatures, the
energy spread of the electrons is larger, meaning that electrons can occupy more energy
states above the Fermi level and are likely to leave some lower energy states empty. This
property can be used to extract power from temperature differences and thus convert heat
to electricity. Consider two leads that are held at two different temperatures such that
the energy distributions of their electrons are similar to those in Figure 1.1. If they are
put side by side, electrons will be able to lower their energy by switching side. Electrons
above the Fermi level on the hot side will transit to the unoccupied states on the cold side
and electrons below the Fermi level on the cold side will travel in the opposite direction.
5
Figure 1.1: The Fermi-Dirac distribution at T=300 K and T=10 K. µ denotes the chem-
ical potential and is equal to 0.15 eV.
In three dimensions, the density of state g(E) is proportional to the square root of the
energy E
g(E) =
V
2pi2
(
2me
~2
)3/2√
E (1.2)
where me is the free electron mass. There will thus be more electrons at higher energies
that can travel to the cold side than electrons at low energies that can travel to the hot
side. This results in a net electric current from the hot to the cold lead, which is amplified
by the fact that highly energetic electrons which lie mainly on the hot side have a higher
velocity. The electric current gives rise to a potential difference. This is called the Seebeck
effect.
As a result, the electric current consists mostly of hot electrons transiting to the cold
part, but comprises also some cold electrons near the Fermi level passing to the hot side.
In order to maximize the electric current and thus the output power, the cold electrons
should be blocked while all hot electrons should pass through. However, the transmission
of highly energetic electrons gives rise to a heat current flowing to the cold side, which
decreases the efficiency of the device. Thus, only electrons above but near the Fermi level
should transit. This can be achieved by creating a potential barrier that can only be
crossed by electrons with the right energies and placing it between the two leads. The
engineering of such a barrier will be the main focus of the thesis. Moreover, in order to
decrease the heat current, it is possible to lower the dimensions of the device from three
to one so that the density of states g(E) becomes inversely proportional to the square
root of the energy, rather than directly proportional to it. Less states at higher energies
means less hot electrons and thus a smaller heat current.
In order to investigate the power and efficiency of the device, the transmission function,
that gives the transmission probability of electrons depending on their energy, is calculated
for the different configurations of barriers. Since only electrons just above the Fermi
level should cross the barrier, the transmission function that is seeked is rectangular, i.e
reaches one near the Fermi level and is close to zero elsewhere. Figure 1.2 shows the
electron transmission function through a potential step (1.2a), a potential barrier (1.2b)
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and a quantum dot (1.2c), which is made of two potential barriers separated by a certain
distance.
(a) (b) (c)
Figure 1.2: Electron transmission function through (a) a potential step, (b) a potential
barrier, and (c) a quantum dot. The potential barrier has a width w of 10 nm, while the
quantum dot is made of two potential barriers with a width w of 3 nm and separated by
a distance d of 15 nm. In all three cases, the potential height is V = 0.3 eV.
In classical mechanics, the probability for a particle to pass a barrier is zero if its energy
is less than the barrier potential and one if it is larger. Here it is obviously not the case:
some electrons with an energy below that of the barrier can still tunnel to the other side,
and for the barrier and the quantum dot, the transmission function displays some sharp
peaks. These result from electron resonances, which means that electrons are reflected
several times and spend a lot of time in the obstacle before escaping to the other side. The
more barriers, the more peaks appear, and when several barriers are combined to form a
superlattice, energy bands emerge. The bands are still divided into peaks, whose number
corresponds to the number of barriers. By changing the dimensions of the superlattice,
e.g. the width, separation, height and number of the barriers, the energy bands can be
designed to approach the desired shape and size. The position of the chemical potential
can be changed as well, so it is possible to create an energy band just above it, thus
obtaining the desired transmission function [5]. However, a problem remains: the bands
are still divided into sharp peaks, instead of being fully rectangular, leading to a lower
current. How can the energy bands be made smoother?
One possibility is to make the two outer barriers lower in energy. This is called anti-
reflection coating and makes the peaks disappear partly. It also suggests that even more
reflection can be prevented by lowering the height of several outer barriers, for example
gradually by making their height follow a Gaussian profile. The transmission function,
the power and the efficiency will be computed and compared for different Gaussians in
order to find the most suited for the device. However, experimentally, changing the height
of the barriers is done by changing the material the barrier is made of, and requires much
work to construct. An alternative easier to implement and test would be to change the
width of the barriers. Therefore, the transmission function, the power and the efficiency
will also be computed for sequences of barriers whose width follow different Gaussians,
while their height and separation remains constant. The constant separation will then be
replaced by a constant period, i.e. a constant distance between the middle of each barrier,
and the same calculations as before will be performed. Moreover, the temperatures at
which the two leads are held have consequences on the power generated and the efficiency
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of the device. Cold temperatures induce less current and power but high efficiencies while
a room temperature results in a higher power at the cost of a lower efficiency. The dimen-
sions of the barrier that maximize both dimensions are also different depending on the
temperature: hot temperatures require small barrier dimensions while cold temperatures
necessitate larger ones.
In the first part of the thesis, the model of the device and the assumptions made for
obtaining it are explained. The theory permitting to calculate the transmission flux,
the electric and heat current, and the power and efficiency is presented as well. In the
second part, the results of the calculations are given and discussed. These consist in
transmission functions with corresponding power and efficiency for different positions of
the chemical potential and different values of the applied voltage bias. All three types of
superlattice structures introduced above (Gaussian heights, Gaussian widths with either
constant separation or period), with three different variances of the Gaussian function,
and in both temperature regimes, are studied. Further, the influence of the number of
barriers and the variance is investigated, by calculating the maximum power obtained for
a large number of cases. Finally, a summary of the results is presented with concluding
remarks.
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The Model
A sequence of barriers in a semiconductor heterostructure, which we subsequently call
a superlattice or obstacle, is connected to two metallic leads which are held at different
temperatures so that their electrons have different energy distributions. If the obstacle is
not an infinite barrier, electrons will flow from the side where they have a higher potential,
i.e. the hot lead placed on the left, to the other side, the cold lead placed on the right.
This will lead to an accumulation of electrons on the cold side, giving rise to an electric
field. In order to extract power from the device, a voltage bias is applied, which shifts the
chemical potentials down in the hot lead and up in the cold.
The chosen obstacle consists of eleven potential barriers whose width, height and separa-
tion can be changed. The height of the potential barrier inside the obstacle is determined
by the material, in which the electrons also have different effective masses. These are
chosen to be the same as in the master thesis [5] for the sake of comparison: the semicon-
ductor heterostructure is thought to be made of InAs to which InP is added to construct
the barriers. Using that in InAs, the effective mass is 0.022 times the free electron mass
me, and in InP, it is equal to 0.08 me, the effective masses in the heterostructure are:
ma = 0.022 ·me mb = (0.022 + x(0.08− 0.022)) ·me
where ma is the effective mass outside the barriers and mb inside. x is the concentration
of phosphor, and can take a value between 0 and 1. The recommended values of the
effective mass from [6] are 0.026 for InAs and 0.0795 for InP.
In the first part, the height V of the barriers will be modified so that they follow the
following Gaussian function.
V (k) = V0exp
(−(k − k0)2
σ2
)
Here, k is the position of the barrier, k0 the position of the heighest (middle) barrier, and
σ is the variance of the Gaussian. In the second part, the width W of the barriers will be
changed instead. Examples of obstacles that will be used are shown in Figure 2.1.
As can be seen in Figure 2.1a, some of the obstacles are truncated Gaussians. Moreover,
sometimes the number of barriers decreases if the Gaussian is very sharp, as in Fig-
ure 2.1b, where the two outer barriers have almost disappeared and can be disregarded.
Nevertheless, the width should not be smaller than a couple of Ångströms, if it should be
constructible in reality.
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The transmission function
(a) Gaussian heights with a
variance σ = 6.
(b) Gaussian heights with a
variance σ = 2.
(c) Gaussian widths with a
variance σ = 2.
Figure 2.1: Some of the Gaussian superlattices used as electron obstacles between the two
leads.
Two different temperature ranges will be used: 250-300K, close to room temperature, and
4-10K, because it is a typical value in experimental thermoelectrics.
2.1 The transmission function
The electron transmission functions in the heterostructures are calculated using the trans-
mission matrix theory, or T-matrix.
Figure 2.2: Electron traveling through an obstacle made of two potential barriers.
An electron that travels from the left in Figure 2.2 scatters on the first barrier and is
partly reflected, partly transmitted. The transmitted part then scatters on the second
barrier, where it is again partly reflected and partly transmitted. This reflected wave
can then interfere with the transmitted wave from the first barrier, provided they are
coherent. The sought transmission function is the probability for an electron to pass the
barriers as a function of its energy. In this case, it is the same as the square root of the
absolute value of the amplitude of the transmitted wave, which will be calculated here.
In order to do this, we first derive the wave function of an electron in the leads. Since the
device should be one-dimensional, as mentionned in the introduction, the electrons can
only travel along one axis, which we set to be the z -axis, and are confined in the plane
orthogonal to it, i.e. in the x - and y-directions.
The time-independent Schrödinger equation for an electron in the lead at the left of the
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obstacle is [−~2
2m
∇2 + VL(x, y)
]
ψn,k(x, y, z) = Ekψn,k(x, y, z) (2.1)
where VL(x, y) is the potential that confines the electrons in the x and y-directions. The
solution can be found by using variable separation. The equation in the z -direction is
−~2
2m
∂2
∂z2
ψk(z) = Ekψk(z) (2.2)
which has the solution
ψk(z) =
1√
Lz
(Aeikz +Be−ikz) with Ek =
~2k2
2m
(2.3)
where Lz is the normalisation length to the wave function. In other words, the solution
consists of two plane waves traveling in opposite directions with amplitudes A and B,
respectively. The equation in the perpendicular direction is[−~2
2m
∇2(x,y) + VL(x, y)
]
ψn(x, y) = ψn(x, y) (2.4)
Its solution depends on the potential VL, i.e. on the dimensions of the device in the x -
and y-directions, and consists of standing waves with eigenenergies that form subbands.
Due to the confinment in the x-y plane of the electrons that only travel in the z -direction,
the exact solution ψn(x, y) is of little importance and it will not be calculated.
The full solution of the Shrödinger equation is then
ψk,n(x, y, z) =
1√
Lz
(Aeikz +Be−ikz)ψn(x, y) where k =
√
2m(E − V )
~
(2.5)
What happens to the electron when it leaves the lead and scatters on the obstacle? First
consider the obstacle to be a single potential step.
In one dimension, the solution to the time independent Shrödinger equation on the two
sides of the step, located at z0, is
ψ(z) =
{
ψ1(z) = Aeik1z +Be−ik1z z ≤ z0
ψ2(z) = Ceik2z +De−ik2z z ≥ z0
(2.6)
where the electron momentum changes because of the change of potential. The amplitudes
of the right and left going electron waves are respectively A and B before the step, and
C and D after it.
These wave functions should obey the following boundery conditions:
ψ1(z0) = ψ2(z0)
1
m1
d
dz
ψ1(z)
∣∣∣∣
z=z0
=
1
m2
d
dz
ψ2(z)
∣∣∣∣
z=z0
(2.7)
where the second equation means current conservation which follows from the approxi-
mation that a stationary state exists.
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The wave function is inserted into these equations, yielding
Aeik1z +Be−ik1z = Ceik2z +De−ik2z (2.8)
k1
m1
(
Aeik1z −Be−ik1z) = k2
m2
(
Ceik2z −De−ik2z) (2.9)
Equations (2.9) and (2.10) are summed and rewritten in matrix form(
C
D
)
=
1
2k2m1
(
e−k2z0 0
0 ek2z0
)(
k2m1 + k1m2 k2m1 − k1m2
k2m1 − k1m2 k2m1 + k1m2
)(
ek1z0 0
0 e−k1z0
)(
A
B
)
(2.10)
where
MS(z0) ≡ 1
2k2m1
(
e−k2z0 0
0 ek2z0
)(
k2m1 + k1m2 k2m1 − k1m2
k2m1 − k1m2 k2m1 + k1m2
)(
ek1z0 0
0 e−k1z0
)
(2.11)
is called the scatter matrix or S-matrix. The S-matrix is multiplicative, so the total
transfer matrix, or T-matrix, over two barriers is the product of the single S-matrices
over each one of the steps. Therefore, the wave amplitudes of the electron after it has
passed the two barriers in Figure 2.2 are(
C
D
)
= MS−(z3)MS+(z2)MS−(z1)MS+(z0)
(
A
B
)
= MT
(
A
B
)
(2.12)
where z0, z1, z2 and z3 are the positions of the steps, MS+ denotes the scatter matrix of
a step up in potential and MS− a step down. MT is the final transfer matrix.
The amplitudes of the waves on each side of the step depends on the direction in which
the electron hits the obstacle. We decide that the electron enters from the left and travels
to the right, there is thus no wave travelling to the left on the right side of the step, so
D is equal to zero and we set A to be one. Before the steps, the left going wave is the
reflected wave, so its amplitude B is denoted as r, while the right going wave after the
step is the transmitted wave and its amplitude C is thus denoted as t. This gives:
(
t
0
)
=
(
MT (1, 1) MT (1, 2)
MT (2, 1) MT (2, 2)
)(
1
r
)
(2.13)
from which the transmission coefficient t can be obtained
t =
MT (1, 1)MT (2, 2)−MT (1, 2)MT (2, 1)
MT (2, 2)
(2.14)
The transmission flux is the quotient of the current density of the transmitted wave over
that of the incoming wave. It simplifies as
T (E) = |t|2 (2.15)
if the effective masses are the same on both sides of the barrier, i.e the leads are made of
the same material, which they are in all our calculations.
12
The transmission formalism
2.2 The transmission formalism
The electric current is calculated using the transmission formalism, explained in Ref. [7]
and summarized here. This formalism considers that the electric field that appears across
the device is a consequence of the electric current, as opposed to the Drude model which
treats the current as the consequence of the field. Instead, the current is determined by the
boundary conditions of the surfaces of the sample. This means that the applied voltage
bias is treated as a boundary condition, more specifically it changes the electrochemical
potentials of the leads by:
V =
µL − µR
e
(2.16)
where µL and µR are the electrochemical potentials of the left and right leads, and e is
the electron charge. In the Drude model, the voltage bias would be applied through a
perturbation to the Hamiltonian.
Several approximations are made to obtain the electric current.
First, the leads are thought to be connected to infinite reservoirs of electrons, that provide
the leads with an arbitrary number of electrons, that do not scatter on the borders of
the leads when entering or leaving them. These reservoirs always remain in the same
state regardless of how many electrons they accept or donate, and are thought to be in
equilibrium far away from the leads. Thanks to these assumptions, their energy states can
be filled according to the Fermi-Dirac distribution, despite the electric current. Moreover,
as stated above, the voltage bias is applied as a boundary condition, so it must be applied
to the reservoirs since these are placed at both ends of the device. In order to to this, it
must be assumed that a stationary state exists. This leads to an invariant current in all
points in time and over all cross-sections across the system. The voltage bias determines
the chemical potentials of the reservoirs: the left chemical potential is shifted down by
δ = eV
2
from equation (2.16) and the right one is shifted up by the same amount.
Second, the electrons do not interact with each other so the Hamiltonian contains only
mean-field terms. Interactions that cannot be reduced to that are abandoned.
Finally, electrons scatter elastically, which means that they do not lose energy throughout
the obstacle but their momenta and effective masses changes depending on the material
they are travelling in.
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2.3 The electric current and the output power
Because the states do not interact with each other, the total current is the sum of all
currents of all states at all energies, and is thus obtained by integrating the current of
electrons over all energies (see Ref. [7]):
I =
2e
h
∫ ∞
Emin
(f(E, TL, µL)− f(E, TR, µR))T (E)dE (2.17)
The difference between the two Fermi distributions f(E, TL, µL) − f(E, TR, µR) can be
seen as the surplus of electrons with a certain energy on the hot lead. Multiplied by
the transmission probability T (E), it becomes the current of electrons with that certain
energy flowing from the hot to the cold lead.
The power extracted is simply the negative current multiplied by the applied voltage bias.
P = −I · V (2.18)
The minus sign is the consequence of how we define the direction of the current, which
flows from the hot to the cold lead.
A large current and power is thus obtained when the tranmsission function T (E) is equal
to one if the difference between the two Fermi distributions f(E, TL, µL) − f(E, TR, µR)
is positive, and equal to zero otherwise, which means that it should display a rectangular
energy band reaching one, with sharp onset and ideally no peaks.
2.4 The heat current and the efficiency
The heat current is calculated in a similar way to the electric current, but instead of
multiplying the electron current by the electron charge e, it is multiplied by the heat of
the electron which is the difference between the energy of the electron and the Femi level
of the left lead, E − µL. See [5] for futher reading.
QL =
2
h
∫ ∞
Emin
(f(E, TL, µL)− f(E, TR, µR))T (E)(E − µL)dE (2.19)
The efficiency is the ratio between the output power and the heat current flowing from
the left lead, i.e. the heat brought to the device.
η =
P
QL
(2.20)
The theoretical limit to the efficiency of any heat engine is the Carnot limit:
ηmax = 1− TC
TH
(2.21)
14
The heat current and the efficiency
Thus the maximum efficiency differs in two temperature ranges: the device used at 250-
300 K can have a maximum efficiency of 1 − 250/300 = 17% while that used at 4-10 K
can theoretically attain 1− 4/10 = 60%.
Here we treat the device as a Carnot engine, implying that the energy is conserved.
This is an approximation since the hottest electrons are prevented from passing and do
not contribute to the electric current and output power, making the device lose energy.
Moreover we do not take into account phonons for the calculation of the heat current nor
electron interactions in any of the two currents. Phonons carry heat which can lower the
efficiency while electron interactions could slow down the current.
15
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3.1 Regular superlattices
The regular superlattices with which the Gaussian superlattices are compared are shown
in Figure 3.1a and 3.1b. The first one, used in the hot temperature regime, has the
dimensions 3 nm for the width of the barriers, 7 nm for their separation and 0.3 eV for
their potential height. The second one, used in the cold temperature regime, consists of
barriers with a width of 10 nm, separated by 18 nm, and with a height of 0.1 eV. In the
first case the values of the width and separation have been chosen to obtain an energy
band with as small peaks as possible and with a width corresponding to the energy interval
in which the difference between the two Fermi distributions is positive. The height of the
barriers is common for thermoelectric elements on the nanoscale [4] [8]. In the second
case, the values of the parameters were asked to Martin Leijnse, assistant professor at the
Solid States Physics Department, to facilitate comparisons with related research.
(a) (b)
(c) (d)
Figure 3.1: (a) and (b): Regular superlattices used as electron obstacles in the hot and cold
temperature regimes respectively. (c) and (d): Their corresponding electron transmssion
functions.
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The transmission functions of electrons crossing these two obstacles are presented in Figure
3.1c and 3.1d. Several energy bands have emerged, as expected, and the appearance of
the transmission function starts to resemble what we search for. Indeed, if we now place
the chemical potential just below the beginning of one band, the electrons with an energy
inside the band will correspond mostly to warm electrons which are not too energetic.
These will form an electric current flowing in one direction only and that does not carry
too much heat, which should maximize the power and the efficiency of the device. Figure
3.2b and 3.3b show enlargements of the second and the first energy band of these two
transmission functions, chosen to be the source of the electric current, i.e. under which
the chemical potential is placed.
Both the power (3.2c and 3.3c) and the efficiency (3.2d and 3.3d) are calculated for
different values of the chemical potential, close to the beginning of the energy band, and
for different voltage biases. The latter should not be too large in order for the current
not to travel in the wrong direction, but sufficiently to extract power from it. Only
positive power is shown, and the maximum power is indicated, as well as the corresponding
efficiency. The extracted power observed for the superlattice used in room temperature is
larger than that of the superlattice used in cold temperatures, which is a consequence of
the less deap peaks of its energy band. However, the peaks are still pronounced in both
cases. The search for a better obstacle in next sections will focus on the suppression of
these peaks, while trying to keep the sharp onset of the bands.
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Regular superlattices
(a) (b)
(c) (d)
Figure 3.2: Transmission function, power and efficiency for electrons passing the super-
lattice in Figure 3.1a, used at the temperatures 250-300K.
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Regular superlattices
(a) (b)
(c) (d)
Figure 3.3: Transmission function, power and efficiency for electrons passing the super-
lattice in Figure 3.1b, used at the temperatures 4-10K.
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Gaussian heights
3.2 Gaussian heights
The regular superlattice is first modified by varying the heights V of the barriers so that
they follow a Gaussian function, whose variance takes three values: σ = 6, σ = 4, and
σ = 2, while their width w and separation d remain constant. These superlattices can
be seen in Figure 3.4a1, 3.4a2, and 3.4a3 respectively. The corresponding transmission
functions (b1-b3), power grids (c1-c3) and efficiency grids (d1-d3) are placed below each
superlattice.
The lower the variance of the Gaussian, i.e. the sharper the obstacle, the more the peaks
are smoothed out. This leads to a larger part of the transmission function reaching one
above the chemical potential, which should result in a larger current and thus larger
power. However, simultaneous to the smoothening of the peaks, the edges of the function
become more rounded, the energy band which was rectangular starts looking like a hill.
This means that electrons below the chemical potential can also pass through the obstacle,
and they will do it in the wrong direction, lowering the net current and thus the power.
The obstacle resulting in the highest power is therefore the Gaussian superlattice with a
variance equal to four, which is shown in Figure 3.4a2. The maximum power is 424.8 pW
compared to 245.8 pW obtained in the regular case, i.e. 70% higher.
In order to compare the efficiency of the devices, a certain value of the power has to be
chosen and the corresponding efficiency calculated for each case. If choosing the max-
imum power of the regular lattice as benchmark, the highest efficiency is reached for
the Gaussian with variance equal to six. High power and efficiency are thus obtained
when a balance is striked between smoothed peaks and sharp, rectangular energy bands,
with smoothed peaks being preferable if large power is seeked and sharp bands being
particularly important for increasing the efficiency.
The calculations are then renewed for the superlattice intended for devices in the cold
temperature regime. The width and separation of the barriers are not changed (10 and 18
nm as in Figure 3.1b), while their height depends on a Gaussian function, with variance
σ = 6, σ = 4, and σ = 2 as in the case of the hot temperature regime. The obstacles,
transmission functions, power and efficiencies are presented in Figure 3.5.
In this case, the Gaussian obstacles do not lead to a flattening of the peaks, rather, these
are suppressed, which makes the energy band more narrow but not less divided. The
sharper the obstacle, the more peaks are suppressed, at the cost of the width and the
rectangular shape of the energy band. However, because the area of the energy band
increases, so does the output power which is more than doubled.
The decrease in the height of the barriers seems to lead to approximately the same results
as their complete removal. Since the number of peaks in the energy bands corresponds
to the number of barriers of the obstacle minus one (at least in the regular case), below
a certain height, electrons do not feel those anymore. The energy bands have seven, five
and three peaks in Figure 3.5b1, 3.5b2 and 3.5b3, meaning that electrons are only affected
by seven, five and three barriers in each case, i.e. barriers that are at least 80 meV high.
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Gaussian heights
(a1) (a2) (a3)
(b1) (b2) (b3)
(c1) (c2) (c3)
(d1) (d2) (d3)
Figure 3.4: Same as Figure 3.2 for a structure with a Gaussian distribution of the barriers
heights. Left column σ = 6, middle column σ = 4, right column σ = 2.
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(a1) (a2) (a3)
(b1) (b2) (b3)
(c1) (c2) (c3)
(d1) (d2) (d3)
Figure 3.5: Same as Figure 3.3 for a structure with a Gaussian distribution of the barriers
heights. Left column σ = 6, middle column σ = 4, right column σ = 2.
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3.3 Gaussian widths and constant separation
Because changing the height of the barriers implies changing the material of the barrier,
it is more intricate than just changing their width. Therefore, the superlattice will now be
altered in such way that the width w of the barriers will follow a Gaussian function while
their height V remains constant - the contrary of what was done in the previous section.
The resulting obstacles are shown at the top of Figure 3.6, with their corresponding
transmission function, power and efficiency below them.
Here, the peaks that divide the energy bands disappear first far from the chemical potential
of interest. Since the Fermi functions are small, there are less electrons that can travel and
thus less power compared to Gaussian heights. Still, the fact that peaks first disappear
on the right side gives one advantage: the left side is kept straight so only a very small
current exists in the wrong direction.
The same calculations for the second series of obstacles, adapted to cooler temperatures,
are presented in Figure 3.7. At first sight, this case resembles the Gaussian heights in the
hot temperature regime since the peaks are smoothed over. But at the same time, the
number of peaks is decreasing, as in the previous case in the cold temperature regime.
The width of the band remains large enough for many electrons to pass, which results
in a high output power, making this structure the best for the cold temperature regime.
Again, a balance between the flattening of the barriers, their removal and the straight
“walls” of the bands should be sought in order to maximize the power and the efficiency.
The superlattice with a variance equal to four yields such a transmission function and
gives the heighest power, 5.337 pW, which is 340% higher than the power of 1.337 pW
obtained with the regular superlattice.
3.4 Gaussian widths and constant period
What happens if the separation between the peaks is changed as well, in order to com-
pensate for the decrease in the width of the barriers so that the heterostructure becomes
periodic? This would mean that the distance between the middle of each barrier p remains
constant, instead of the separation d, as in the previous case. This kind of heterostruc-
turess is shown in Figure 3.8, in the first row, and is followed by the corresponding
transmission functions, power and efficiency as before.
Now, the peaks close to the chemical potential (around 0.3 eV) are the first one to be
flattened out, leaving a more rounded edge of the energy band that lets electrons travel
in the wrong direction. Nonetheless, because the peaks almost disappeared, the output
power is still high, and much higher than for the superlattice with constant separation.
The results for the cold temperature regime are presented in Figure 3.9. In this case,
the peaks are not smoothed over, they remain as narrow as for the regular superlattice.
Instead, they become fewer, letting less current pass through the obstacle. The number
of peaks is even, which suggests that it depends on the length of the separation between
the barriers rather than on their width. A current starts to flow a little only for the
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Gaussian widths and constant period
(a1) (a2) (a3)
(b1) (b2) (b3)
(c1) (c2) (c3)
(d1) (d2) (d3)
Figure 3.6: Same as Figure 3.2 for a structure with a Gaussian distribution of the barriers
widths. Left column σ = 6, middle column σ = 4, right column σ = 2.
lowest variances of the Gaussian, but remains very low compared to the case in which
the separation was constant. This type of Gaussian obstacle is not suitable here, for an
initial transmission band with very deep peaks.
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Gaussian widths and constant period
(a1) (a2) (a3)
(b1) (b2) (b3)
(c1) (c2) (c3)
(d1) (d2) (d3)
Figure 3.7: Same as Figure 3.3 for a structure with a Gaussian distribution of the barriers
widths. Left column σ = 6, middle column σ = 4, right column σ = 2.
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Gaussian widths and constant period
(a1) (a2) (a3)
(b1) (b2) (b3)
(c1) (c2) (c3)
(d1) (d2) (d3)
Figure 3.8: Same as Figure 3.2 for a structure with a Gaussian distribution of the barriers
widths and a constant period. Left column σ = 6, middle column σ = 4, right column
σ = 2.
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Gaussian widths and constant period
(a1) (a2) (a3)
(b1) (b2) (b3)
(c1) (c2) (c3)
(d1) (d2) (d3)
Figure 3.9: Same as Figure 3.3 for a structure with a Gaussian distribution of the barriers
widths and a constant period. Left column σ = 6, middle column σ = 4, right column
σ = 2.
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3.5 Impact of the number of barriers and the variance
of the Gaussian
Until now, all superlattices have consisted of eleven barriers, while other parameters such
as their width, separation and height have been changed in order to investigate their
influence on the power and efficiency of the device. The number of barriers is known to
change the number of peaks in each energy band in the transmission function, but its
impact on the power and efficiency of Gaussian lattices needs to be found. Figure 3.10
gives the maximum power that can be extracted from the device depending on the number
of barriers it is made of and the variance of the Gaussian that the height of the barriers
follow. Since the device did not yield good results in the cold temperature regime for this
type of structure, the calculations are only done for the hot temperature regime.
The maximum power begins to increase rapidly with the number of barriers for all vari-
ances but reaches fast its highest level for the three lowest variances, σ = 1, σ = 2 and
σ = 3 due to the very small dimensions of their outer barriers, that can be completely
disregarded after respectively two, four and five barriers. The zigzag that is observed for
the lowest variance demonstrates the difference between an even and an odd number of
barriers: an odd number of barriers gives rise to one middle barrier of maximum height,
while an even number results in two middle barriers of maximum height, but with much
lower dimensions than that of the middle one in the previous case, leading to more current
passing through. For the other variances, the maximum power keeps increasing, but at
a lower rate, and approaches a limit. The larger the variance, the larger the number of
barriers must be, so even though the limit is higher for higher variances, the cost in the
number of barriers required makes them not always worthwile.
In the cold temperature regime, the superlattice that performed best is the one with
Gaussian widths and constant separation. The maximum power that can be extracted
from it with corresponding efficiency, depending on its number of barriers and the variance
of the Gaussian is presented in Figure 3.11.
Again, the three lowest variances reach fast their maximum, at two, four and eight barriers,
while the others keep increasing. The highest variances give at the beginning worse results
but reach a higher maximum after a certain number of barriers. However, since this
number can be very high, for only a small gain in power, the highest variances are not
always the best choice. In both cases, a variance equal to four and a number of barriers
equal to ten or eleven are enough; no signifiacant increase in power nor efficiency can be
seen above those values.
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Impact of the number of barriers and the variance of the Gaussian
Figure 3.10: Maximum power and corresponding efficiency as a function of the number
of barriers and the variance of the Gaussian, for a superlattice with Gaussian heights in
the hot temperature regime.
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Figure 3.11: Maximum power and corresponding efficiency as a function of the number
of barriers and the variance of the Gaussian, for a superlattice with Gaussian widths in
the cold temperature regime.
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Summary and outlook
We investigated which type of superlattice, out of Gaussian heights, Gaussian widths and
Gaussian widths with constant period, is the most suitable as an electron barrier inside a
thermoelectric device and improves the most the power and the efficiency. Best results at
room temperature are observed for the superlattice with barriers of Gaussian heights with
a variance equal to four, for which the maximum power is 70% higher than for the regular
lattice. In the cold temperature regime, the superlattice with barriers of Gaussian widths
with the same variance four is the most advantageous, and increases the maximum power
340%. The fact that the optimal variance of the Gaussian is equal to four is confirmed
when computing the maximum power and the corresponding efficiency for many different
variances and different number of barriers. Indeed, no significant increase in power nor
efficiency is observed for a number of barriers larger than ten and a variance larger than
four.
Overall, it is easier to obtain rectangular transmission functions with Gaussian superlat-
tices in the hot temperature regime, with an initial transmission band that is not com-
pletely divided by its peaks. However, the superlattices in the hot temperature regime
have smaller barrier dimensions that make them more sensitive to asymmetry, which is
inevitable when constructing them in reality. This leads to a lowering and smoothening
of the transmission flux, which cease to reach one, and a slightly lower power.
Even though the Gaussian structure increases the output power in all but one case, it yields
very different results depending on whether the height, width or separation of the barriers
are changed. An interesting continuation of the thesis would be to create an algorithm
that tries out many different structures, for example elliptic or simply triangular, and
many different parameters to search for one that maximizes both the power and the
efficiency simultaneously.
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